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A Combined Laplace Transform and Boundary
Element Method for Unsteady Laplace Problems
of Several Classes of Anisotropic Functionally
Graded Materials

Moh, bvan Azis®.

Whstrici—In this pager o combined Laplace teansforn and
boundm clenrent methed & wed to find sumecical sohittioan (i
unsteady problgms of anisotrepic fenctionaly aruded malerials
gvered by a lace tvpe cquation. A matbematical wansfor-
neatton §s used {5 ransferg e vagabie COETIe NG egunlon fo
# constant coefficients c.vqu.mun from which g boundasy-only in-
tegral sygiagion i abtaloed. [n addition, (he analvsis also resalt
in several chasses of inhomogeneits functions for the funciion
graded materials, Some examples are considered t show the
vadidity of the a and avcaraey of the numerical sotutipos.
A verification for the effect of the aﬂn«nmpn and inhoimoseieiy
uf the material on the solutions is blso detnonst rated.

Indvy  fermy—Anicm rom 118

fonctionally  seaded  materials,
variable coefficients equation, Laplace equation, Laplace trans-

forme: Destndary element method

I Ix380DUCTION

We will cansider initial beurstary value problenss gosigmed
By a Laplwe fype vquation with variable cocfficiens of dh
Yorm

a i it ix, #i

g ix, 1
— -n ,ltl*}— =) ——

it

(1)
e '

i

The cosliicients [n, 1 (5§ = L 3T Gecd symmetric positive
defiuite matria, Alse. G 01 e sumimaton convention for
sepated mdices holds. Eguaion (D) s wsually used 1o model.
among oihers. plane heat conduction problems, Tar whneh a
may gepresient e conductivity coetliciems, o may depict
the rate of change wnd s the temperature. Since the
coefhuients «,; (%), o (x) we spatally continuous farctions.
then the material under consideration his properties sdiich
vary spatially according w0 0 Speciic continuous function.
Such o material is called o fanctionally gruded material
FGM). Specifically, since the coclicients sy,
differ then the material s called s an anisouvpic matenal
Therelore cquation f) is relevam for anisorropic FGMs
During the last decade FGMs have beceme an important
wopic, and numerons studies on FGMs Lor 2 vanery of

Fijd, Ao may

AMiwaipt secebved Odelser 24t 2260 Il'nh-i March 0
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apphications hive heen reposted (see for oxamply Bounouara
ctal {3} und Kuranu et ad, {20 On the other haad. in some
applications anmsowropy of the material of interest needs to
Amang ather studies that considered
nutterial ansotropy have been done by Limberkar et al. [3}in
material science application, Daghash et al. {4} in cliemical
engineering appheation and Yusuf (8] in apiics application.
Recently @ number of suthors had been working on the
Laplave eyuation 1o tind its solutions. However the works
maindy focus on prablems of isowopic hnnm%uus e
rials. For exanple. Guo o al 10] considesed Ryt fout
conduetion problens of sotropic and Bumegencous m@
amd s slved them using o combined Laplice tansform und
niple rediprovin buandarny face mcthr.@;.gh: 17] Fu vt al
exarnned a boundany kot methed wed @ Hod smimenicsl
solutions o problems of humozencons isotropic Hedi
erned by a three-dimensional tramsient heat conduction with o
sourcetein Yang ob b |R] invesiizaied steady nonlinear heat
conduction prablems n%‘ﬁrm:cnwm isotropie materials and
solved them using o radind fntczsation houmdary slement
mstind I [2) solutions of 2 Laplice nvpe eyuation in
unbounded domains are discu
For such kind of materials. the boundiny clenreni fieihod
(BEND Gid other methods had been suceesstully used 1o
Hnd the numerical sofutiony of problems associated o them.
Bur this e not the case for inhomogensous niadenals, due
to the unavailability of fundamental solutions for equations
ol variahle coefficienis which govern problems of inho-
maogeneous media, Some progress of solvmg problems for
imhomorcneons medin using vardous echnigues has been
done. Timpital sad Pochad |10] mvessigated Jinite difference
solutions of unsieady diffusionconvection problems lor het-
erogenzous media. Noda er gl [H1] studied twe analytical
sedutions o treosieat beat conduction equation of varable
creflicienis with @ source term fur a functionsfly sraded
orhogopic stnp (FGOSY In this study, the 'sn!mm-,ngcm‘i:)
uf e FGOS s sunplified to be functivnally araded |
the 7 varigble onfy. In {12] Aris end Clements V\Uﬂ“.\_
on tinding sumerical Efitions to noalinear transient hew
conduction problens [or msouopic quadiatically grided
ivterials using @ boundary doman elemwent mwetiod. The
quadratically varying coefficient in e governing cyuation
considered by Ams ond Clessents |12} can centainly he
represented as g s of constant and varisble ceeflicients.
Some later studies on the olass of constant-plus variable

= raken Bita sccaunt,

coeflicients equations lad been done o number of authors,
Samee and Sirrﬂt. L3} considered 2 non-steady diffusive
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consective tEnsporL egugtion with viarabie velocin which
is represéied ae W sumy of eowstait and vanshle terms
Ravek and .§1;..-r9u'. i (L] stuchied steady suste diffusion.
comvection problems with inhomageneous isotropie dffusiv.
ity. variable velocity and incompressible fluid usimg a domain
bowmdary integral equation method (DBIEM). o this work
both the ditfusivity and the wlocity take a constint-plus-
varighle forne Rasnik and ‘;]u.rw-l in {15} considered an
unsieady state diffusion-convection problems with sotrces.
inhomogenedis isoropic conduenyity, variable velocity aml
incomspressible thad asinz o DBIEM. tn this study bath the
diffusivity and the veloeity are agam taken to be of constaunt
plus-variable forom. AL-Bayvati and Wrobel {16] [17] Fcused
o convection-difTusion-reaciion cuuation of incompresstble
flow with constant diffusivity and vanable velocity wking the
form of constunt-plus. variable 2#}311\ Ravink and Tibuoas [ 1X]
dso comsicdered an unsteady difoslonconvection sqy
with varlable diffusivity aind velooiy, The diffusivi
of e constant-plus ~ariable form. By taking the v
welficients as a sum of constant and varighle coclficients
the derived integral eguation will ten involve both houndan
wd domsin mgegrals. The constant coelticient e will
contribute houndary integrals as the fundamental solutions
ae avdilable. and the sarisble coclhicient term will give
domain micerals,

Reduction W consant coellicients @.ﬂmn is another
techniquee that can be used Lo transform o variable eoeticieats
copiivients wiuadon. Therefore the
teehnique will prescrve the boundary-only intezral CguEtion.
Revemly Azis and co-workers hud been working on steady
state problems of ansotropie inhoanogeneous media for sev.
el types of governing squations. for examples [19] 124 for
Helmholiz equation, (250127 for the modiied Helmbolis
equatton, [28] for clasticity problems, 1291433 for the
diffusion convection equaiion. [345|37) for the Laplace tvpe
equation. [I8]-[44] for the difusion convection reaction
cquation. Seme other classes af homogeneily tuneions for
FGMs that differ from the class ol constant plus-variahle
covtficients we reponed from these papers.

This paper 1 intwended 0 extend the recendy published
works in 3437100 steady anisotopic Laplace tvpe equa-
tion with spatially saduble covfiicionts of the form

it

i unsteady amsotropic Laplace wpe equigen %idh spatintly
vurteble coelficicns of the o (1),

Thas study is an attempt 10 solve numencally initial bodnd-

ary value problems for several types of anisotropic FGMs
sovernedZhy cquation (1) using a boundary-only clement
mr[hml Tie snafysis of this paper ds purely muthentical;
. i bl go constract fative a BEM for L.
A hriefcuthine of the paper i€ s (oHows, Sevtion 11 delines
he initsal boundary value problem 10 be solved. In Section 11
@ houndary mtegral equation 1s derived. in Seczion IV severad
problems (& test problem i Secton IV-A and 6 problem
without Adical solutions i Section IV-Bi are solved
prinunily show e validity of the daulvelz sl 1w deiving
the bawdary integral eqation in Section 1L Fimally. Section
V ovoncludes this paper with some remarks,

L THE INITIAL-BOURDARY WAL FROBLEN

Referiad fo d Carte framie Ghrpe solutions %8
and s derteatives o T osougint which are valid Tor
time mterval 1 >0 'md i ow rwgion tan A7 with Bosadary
Y adich s o finite number af piecewise simooth
(- the '..U‘-'nd‘. 71}

214 s specified and o A

s curves. On vartablis o ix )

(x5 Lo

X

i) = omy

is specified wherd 9 w0 2 Lo, amdin =
denotes e outward pomting pormal w0 (4L
condiiion 15 taken to be

sty =n . (3)

%

The metiod of solution will be o transform e cantaile
cosliicient squation (1110 comstatt coettidiont eyuation. and
then iaking a Laploce traing of the constant coefficien
equittion, and o ohtan 4 beandary e zalicon in
Laplace transtorm vamable s. The boundary integrat cgustion
it then sobvad using o standurd Soundan elepicnt mehod
IBEM: Ar inverse Laplece inustons is taken o get the
solution ¢ and ity derivatives For &b (x 61 i the domam.
The inverse Laplace transtorm i implemented sumerically
using the Stehfest formu

The analysis is specialy relevani to an anisowopic mediam
ot i egually. upplies v isbtpopic media. For isotropy. the
coctcients £ duke the Toens gy = 508 and a0
use of these equations in i fliswing widysts humetiaiely
Yichds the corresponding resalts for in sotopis medium, The
analysis dho applies for homogeneous materials winich ocour
when the cocfhicieits i, and o are constant.

°‘.;\§
I, THE BOUNDARY 1IN

SO BOUA DR
T eoeificients &y, .o e reguied 5 wke the fom
s Fu*f'x‘ 14}

- F:_.-i‘xl ‘(‘

where the 7.0 s dondtinis and 4 ds a diffsreatiabic

fonction of 3 Use of G5 m (i) yields

T Oy
% | s )
i, it

L 4 1 )
e VL% ETal € Rt e - 0 AN - 1 I (3

fghez i

= B
< étey

Ay A |

o A B B
R,—— |8 : | = iy
Tk e !

which can be stmplilied
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il d o £0R0
B ( 'l‘{ o
&, i
Ue of the identity
PRI N
ey i iy
I:PJ'. B l):}‘,

umplics

_ Wi 1 Rk WY 0
Kiy—— o = St Y
Y, {‘J alf'_-\. (7 il

Rewranging und noglecting some 2e50 terms gives

=0 1Y

where A s u constant. then e qansternation (73 carties the
varable soificients equation 6 1 the consint voeliicien
Uijteakion

[RLO]

Taking the Laplace wansforin of (7). (8% (10 and applying
the initial condition (3 we oblun

e et {3, 8) = gV Ry pt x5 (1l
Pos (68) =) T £ I )]
R 13

M 5 s the \fmdbls: x;f e Laplace-transformed domain
A boundary lamegral syuation Tor e solution of (13) i
dyven o the torm

] I g ey
e

glx e (X, 8)

dhix a3  faeow)] 60Y () €19

fir Lif
i G o v
U EHEen At 5i hi. T’n. At Lull._ fumlanenal solution
i (B b afv sofution of the equation

H\ :i] =

)

L v R T s

AN T s Even by

b ik

Pilse.x, ) = 7y,

where & i the Dirad &l Renction Bor two-dimensional
problans. hree types of fundamemzl solutions & and T
that can be obtwined fom (15), namely the fundumental
solutions for Laplace equation (A — =7 = 0], for Helmholts
equition (A= <7 < 01 and For moditied Melnibolz cquation
A = o = ). wre given respectively

J ~ In K
Bisxy) = H ST S
I A:’\;.. A Gl Ae w7

&g (115}

EA~sm=0
b (x. %) HA—sm
i Nty = O
where
K
D P2
b f i / byl
i LY e Tl e 0] ) b
7 L Rt A
) = L/ B = 5

and #1771

ik ondor 7y

e Haoke! fumction of secoud kg
T Ry A denote
the mnedified Bessel funciion of order zers and order ane
rfespectively, » represenis e sqitae youl of minus use. The
derivatives @l /dr, needed for the Calcalaion of tie Tn
116} wre ziven by

e
order ohe- i

2R . o
— =i =Y
- 7
g 11

{77 - : J,

l'fseuf(!hau_;d

At = /

2en (14 vichbs

T 4!];:

B (},l 1-'_',1,') P

This Gouation providen 3 boumlay nteirl equaiion for

dlermimiig /ﬁf ased its derivatives @l peinis ot 1

km aving  the Ustigtions pCix ST und i derivatives
i .md et Ziden which e ohtained from (17 the
numericed Laplace transtorm inversion technigue using the
Stehfost formula is then employed o tind the vatves of
folx F) amd s decivatives My fito, and i ihrs. The Stehfest
formula s

ln2 o "
= = éﬂ,,_;; %, %,,)
-_,l

XHEL S84 M2 o= . i ix. s, ..
A 3 ety s
rhiy ' (1,.1
snoni]
In2 Y-. _ (lu 136: &)
- f Ledd ol 1y
where
lia
ey —_—n
Y =
£ ij};' - sl
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Thr pnalysis of dhe sectiom requites that the cosfitic

e ol the forme (4 and (3} respectively with g sa

iﬂL l"l This condiiion Git w altews for considerible chivice it

the cadhicients: For vrumple, when & = 0 can assiene o

mumber of audtiparameier Fors with Liw paramsclers beigg

cmploved to it the voellicients 1o numerical data for the
coeflicients, Possible multiparameter {orms include

#iX) = ey gty eigra)”

Rleg = cps =g = 50,040
, !

pixh =
where the ok (I B denates
o part of & vonmtey wimber and ¢ - EfooE T
Muore geneindly, the sguare of (he real pard of any analytical
fusction of the complex variable @ can serve as a possible
form for u. For the case wher A 2 0 some possihle
madtiparaneter Tomms of 4 are

H4YC Cunstanis,

it I:x_l tAvos 1oty dy moriCopapd
=M sinfep - o I
gix) = Ldexpicg =6 "

where 4 Bl o, are real constanis

RURIC

AL ENAMPLES

Soemie panivalar poblems for FOMs will be salyved hy
cptoving a BEM for the houndary jacerst eqation (17) 1o
vbtn mmsencal solutions in the frame of Laplace tansfonm,
The Stehfest forrdila (18) s used to get the volutions in the
time variable . P main gim s 10 show the validiy of
e analysls fog \kcmm‘- dhie Boambary inwepial chuation (17)
and e app Opridteness of e BEM and Stehrest formula in
salviag e probloms defined in Secoun 11

For all prohlems considered. the oradation Rnctica gix)
of the considered FGM v required 10 satisfy equation (9,
We wsume each problom belongs to o svsiem winel s
vadid in ziven spatial and e domains, The charactoristics
uf the svatem which are represenied by the coelficients

AX)oixd i equation (1) are assumed to be of the form

¢4l and (5)

The BEM with constant clementy (s emploved 4o olitain
norrerival resalis, Amd the value of ¥ i (18) for the Stehlisg
{ﬁ'muh ischosen o be N = 101 For afl problems considered.
A anit \ij{cll’%di{‘{ ad i Figure HEwitl b tiken au tiie
domain. and the boundary of the dosain is Sivided TR0
cloments of e same length, that is 80 clements for such
sldi._m'_lha a{;!'%«w wncd e u.au_ domain i3 (0 < (7 5
The integral on cach eldfons is evaduated nom cally using
the Bude's yuadrure, A FORTRAN code i dq“-’tiupcd i
mmpﬁ'z: e sofudoas. and o specific FORTRAN mmm:wu
is unpmul to eabaaione the elapsed CPU Sime for obtaining
the resglis A simple wripl is developed amd crbedded into
the muin FORTRAN code o caleulate the vidues of the
coefficients V). L. Votor any number V. Table
(1) shows the \J]U&N of Lo, far & — J.6.% 100 which are
ubtdined from the senpt.

A A s piadlem

Ay Probiem 10 In ovder B see the accuracy of the BEM
and the Stehfest formule we will consider  problem o
snalyiical solupen, The problem is also aimed 9 show the

TABLE ]
OF TEIE STEHFPST FORMULS Mok ¥ o0

ST T )

VALURS e by

| B N 4 N =i
1y 2 f
[ 26 ~34
=48, Bt
1 3 Y
W =i
Yo =270
i A58 30,
L) Nl
14
Viis
.J‘v_n
4
ik b
.
Al ) Bel ooy

1

Tig 120 Fhe dimain £2

siesudy state solution iF exists. Three cases of FGAMs will be
considerad. namely rigonometrically (Case 1) exponentinily
(Case 24 and guadratically (Case 31 eraded materialy, The
amtlytical selutions of all cases are assamed o take a
sepurable \an.xhlﬁurm

FRI g i R

where ;ﬁc fauction +osatisfies (131 Also. we whe o

conen consfant covthicient &,

for all cases
PO

| -
NG 0.5

and & mutal set of boundury conditions fsee Figure by
< AR BC, CD

P s giisnoon side AD

('mi' .f 3 m' :'n.'mmm iralhy e:mdu! mafrrim’ ! V\"e- st

- (155 = (3,20 "J

w0 that the mediom amler constdaasiion i 2 figonvmetrical by
araded materiel The G vanation [wection is isee Fivure

2
Fitr =1 — expi--LIA5¢#)
For guxi to sausty ¢n
A <B3443Th
We tuke
hixp=1 - 085, — blhes
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= T
e
N 9
/

U= 4

; . 1 f L

s 2 3 &

1
Fig. 2 Pamwvioen o"/= 00 sl § 080 Sy Case | of Problen |

o PR VT8 R

T~ g

T T -+ r
I
LS o . J
A o
42 4
o x t 1 i
4 < 2 } ] 3
i
3 152 § s, v
Py 30 Panstions o a0 g Case 2o Prelsie |

st that b order for H0x0 w0 sutisty €13 with X+ &7 = 0 (ay
use the Laplace fundumenial solution m (161

=]

m =034

SRR

Case Z: exporenially wroded warerial: The FGM i
supposed be an exponentially praded material wah a
sradation fanwtion vixy of e form

-~ ST
HEX) = Hanozy = 25EaT

exp =] =

sy that from (9)

A = 0344575
The Hme vanation fencion is
Fity =475

Fanctiony o #(x) and {4} are depaected m Fiaure 3,

= [HEASy 4128k

WE™
23
o fle
i
‘.)i"
61
L"_'\._—Fr
|
e
T — : .
B i
iF 4
P = §
. \ L L I
i
Fig 4 Fanctoos o2 ix7 wd #0700 S Case 3 of P

We fuke

Rixi = sqndl - 5850 -6 15 2}

so thil moorder for A(x) 1o satisfy €03) with A = 57
=(.745575 0 as W use the Hebifioliz fundamerital
sulution i 1163

0o = LOROT S 8

Case 20 guadrativally praded moeriad: We assuie
it tie matenal is quadiateally graded, with a fenction of
aradation

ix) = (1 =004 <2584
sothat from (9
A =D

The time wariaion twncton is (see Fiaure 4

ity = 0360 {5 -t

We tuke

BUX) = oxp | =1 S &) -1 Fary)

sothat dnorder J5E Alx) to sutisty (13) with A = a7 =
WLTEATE = 0 {as wyosg the moditied Hetmboie fundamental
soltiin in (16))

The results for the thice cases of Problem [ are shown
in Table (1 and Figure 5. Teble (D shows the accircy
of the wumerical sofutions g and she derivatives Jg éay and
dprictin solations @t (o, gt = (WL 0L30 in the domsin, For
all cases the erurs iuanly oceud i e Tourth decimal place
for the g b dhri i fdhes solutions.

v S shows @ variation of ke g osolutjon viducs
HE & 0 POIIS. LAt HED B2), 9N 13 ay the
thme inczeases from ¢ = 00005 o £ = L AS expected,
the varation follows the way the assoviated function FALd]
chanzes. Specilically for the Case 2 of associsted tunction
diti =1 = exp {14571 the & soluiions tends 1o approach

¥
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ABLe
s SOLCTEMY 31 POSITION
¢ PRiviiEN |

Tk ASTHRACY OF TIlE MU
21 190 S

P | o
| [~ ] [
At | ooy [IXTEEN [EREETE
2UTR RER 1) FERE | (R E ]
SR | SR0AZG HALEE] 00451
3255 AL L 41
IHAL
(S IMRNE
DARRES
L i IR
nfisg DANRY)
AR LREE TR
052
e 2
THIHRH a2 CLIRREE | 1 IREND | faHEEY
Lrags .38 AR | aieas | dodon
I B R i 4, LIRERL [REER]
220 tge | GL | oak
£ (N
-5.924 DUnG
RN 1y i
12881 tidaks? FAREFY
L4772 3600 | e L
-LAS6) {HA4Eax ¥ {NEil
L3301 LS8R [ nanen DiEG
T TF] [EXEEES] [EXTFE [IEEFF] [FACETH
{175:1 (R il G263 | HEHL b
Lk T2 b 1433 [E3ptR | oy (AR
89S s+ | G AEHE | R
ER ) WASD | Gt | Gk | GE0es
24 (ReIRE 135732 i | R | iy
34 BT ASS | ofkn | Oxss | Hues
is HAs HARLD | EHAR | e | onenl
<0 T ST | s | utHes
L R R R ) AN | St
RR ) ELXY .1 ] 1 IMEES O Nk] AMRE

FARLE 11y
TaE: fr ARG OT U T 1N AR

WOy ek PResid

[t ] tews
[ 32 ] AT

@ ateady state solution. This is also éxpecied, as the Imction
fiti = 1 - expl- ) converges to 1 oas f gets bigper,

The clapsed CPL sime for the computation of the nuner-
teal solutions at 19 10 spatial positions and 11 time steps
tromy ¢ = (L0005 200 ¢ = 7 15 showvn 1 Table M1

B An caamaple withenr mm.’\%ﬁn‘ serlidion:
1} Peobien 2::

The wim is

mogeneity and asisoopy of i considered mvdiinn 0 the

solution . The medienr s supposed 1o be an smsonopic
of isaffopic. and inlomogencous (fupetionally gruded or
homogencous nxuterial. For alf mnxhjnﬁm af the mu-
wral’s anisetropy wnd mhomogeneny li,\'ﬁ:t‘.;){_r.lk ;-‘étc_ni_mgf‘
A, otple mhamogencos anbotbopic Tsanogenciars,

and @ common set of bonmdary conditions that

T

T T T T N i e
s g 4
=
i F i
) = / E
" I L i I I i i | |
s 1 ks 2 23 1 28 3 45 8
18 T T T T T
vo (E1PRE FURTH ¥
: Aqidviicad o &
Ly - -
am
12 F = 1
o L E
B ] ’
U o ; A =
-
I o N
£
LN P =
(153 SO ! 7 =
e . 4 1 1 i i 1 1 1
& 1 93 2 3% 3 3A 4 A% §F
25 T T T T T T T T T
Ll = —
]_{ - -
Ma 202y ——
1 PRIy e
P F Afpreip SN =
o = = & .3 5 = i —
» 1.
iy A 1 1 1 i 1 1 i L
{15 1 15 2 23, 1 3is 5 L8 K]

I8
the '€

e ns

g kil

ors sk Cuse 3o by af Prskian §

P = f(t) on side AR
I = 03 on side BC
&= o ade CD
I* = 0 oognoside AD

where the function {110 is defined 48 one of the ollowing

wo forms

s —expi(-E3at

I the miaterial is andsotropie then the constant coefticient &

S O T X
T ! A 045

_ i1
’jff - l' !

whon 1t is dsatropie. Regarding i inhomogeneity, three
cases of FOGMs will be considered. namely tngonometrically,
exponentially and guadratically wraded materals. We take

s

P |
anl
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1- x "
@iy = 1 (tharis A o ) Tor the case of homozeneons
raterial

Cuer I grigunoniewrienliv gradod viszeriol: The prads. b ’ ' ’ ' A B
tion funetion is vk e =
gt A
wees (] - 055 — L350y g F e E
S0 that i the materisl is aniswtropic then A == - 03§1375, aw Wb 3 =
and A = =365 when it s WOfopIc, o -y
Case 2o exponentially srided mnteriol- We assume BE
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